In Einstein-Cartan theory, by the use of the general Noether theorem, the general covariant angular-momentum conservation law is obtained with the respect to the local Lorentz transformations. The corresponding conservative Noether current is interpreted as the angular momentum tensor of the gravity-matter system including the spin density. It is pointed out that, assuming the tetrad transformation given by eq. (15), torsion tensor can not play a role in the conservation law of angular momentum.
Introduction
Conservation laws of energy-momentum and angular momentum have been of fundamental interest in gravitational physics [1] . Using the vierbein representation of general relativity, Duan ( one of the present author ) et al obtained a general covariant conservation law of energy-momentum which overcomes the difficulties of other expressions [2] . This conservation law gives the correct quadrupole radiation formula of energy which is in good agreement with the analysis of the gravitational damping for the pulsar PSR1916-13 [3] . Also, existence is guaranteed by the equivalence principle, i.e. an observable object must carries the indices of the internal space. Thus, we draw the support from vierbein not only for mathematical reasons, but also because of physical measurement consideration.
This paper is organized as follows: In section 2, we discuss the general conservation laws in general case. In section 3, by making use of the general Noether theorem, we obtain, in Einstein-Cartan theory, the general covariant angular-momentum conservation law with the respect to the local Lorentz transformations. The corresponding conservative Noether current is interpreted as the angular momentum tensor of the gravity-matter system including the spin density. In section 4, we give a brief summary of the above discussion and point out that torsion tensor can not play a role in the conservation law of angular momentum.
Conservation law in general case
The conservation law is one of the important essential problems in gravitational theory. It is due to the invariance of Lagrangian corresponding to some transformations. In order to study the covariant angular momentum conservation law, it is necessary to discuss conservation law by the Noether theorem in general case.
The action of a system is
where φ A are independent variables with general index A, φ
If the action is invariant under the infinitesimal transformation
and δφ A is zero on the boundary of the four-dimensional volume M, then we can prove that there is the relation
where
), and δ 0 φ A is the Lie derivative of φ
If L is the total Lagrangian density of the system, there is [L] φ A = 0, the field equation of φ A with respect to δI = 0. From (4) we know that there is a conservation equation corresponding to transformations (2) and (3)
This is just the conservation law in general case. It must be pointed out that if L is not the total Lagrangian density of the system, then as long as the action of L remains invariant under transformations (2) and (3), (4) ...e
so we can take ψ B as a scalar field under general coordinate transformations. In later discussion we can simplify the equations by such a choice.
Angular momentum conservation law in EinsteinCartan theory
In Einstein-Cartan theory, the total action of the gravity−matter system is expressed as [11] 
L g is the gravitational Lagrangian density, R is the scalar curvature of the Riemann-Cartan space-time. The matter part Lagrangian density
, where the matter field φ A belongs to some representation of Lorentz group whose generators are I ab (a, b = 0, 1, 2, 3) and
As in E−C theory, the affine connection Γ λ µν is not symmetry in µ and ν, i.e. there exists non-zero torsion tensor
It is well known, for vierbein field e a µ , the total covariant derivative is equal to zero, i.e.
This formula is also can be looked upon as the definition of the spin connection ω µab . From (8), we can get the total expansion of the spin connection with vierbein and torsion
where ω abc = e 
It is well known that in deriving the general covariant conservation law of energy momentum in general relativity, the general displacement transformation, which is a generalization of the displacement transformation in the Minkowski space-time, was used [18] . In the local Lorentz reference frame, the general displacement transformation takes the same form as that in the Minkowski space-time. This implies that general covariant conservation laws are corresponding to the invariance of the action under local transformations. We may conjecture that since the conservation law for angular momentum in special relativity corresponds to the invariance of the action under the Lorentz transformation, the general covariant conservation law of angular momentum in general relativity may be obtained by means of the local Lorentz invariance.
We choose vierbein e a µ , torsion T abc and the matter field φ A as independent variables. Under the local Lorentz transformation
T abc and φ A transform as
Since the coordinates x µ do not transform under the local Lorentz transformation, δx µ = 0, from (5), it can be proved that in this case, δ 0 → δ. It is required that L m is invariant under (15) and L g is invariant obviously. So under the local Lorentz transformation (15) L is invariant. In the light of the discussion in section 2, we would like to have the relation (19) where we have used the fact that only L m contains the matter field φ A , and with its structure L m does not possess ∂ µ T abc . Consider the infinitesimal local Lorentz transformation Λ 
Using the Einstein equation [L]
We introduce j 
then (19) can be rewritten as
(22) From (12) one can get easily that
Now, let us investigate the third term in left-hand side (LHS) of (22). With (14), we can get
and from (14) and (20), we also have
Considering that α ab is antisymmetry, i.e. α ab = −α ba , we draw the conclusion from (25) and (26) that the third term in LHS of (22) is equal to zero. Substituting (23), (25) and (26) into (22), we obtain
Since α ab and ∂ µ α ab are independent of each other, we must have 
From (28) and (29), it can be concluded that j µ ab is conserved identically. As usual, we call V νµ ab superpotentials. Since the current j µ ab is derived from the local Lorentz invariance of the total Lagrangian, it can be interpreted as the total angular momentum tensor density of the gravity-matter system, and it contains the spin density of the matter field: (∂L m )/(∂∂ µ e ν a ). From the above discussion, we see that not only the current j µ ab but also the superpotential V µν ab do not have any terms relevant to torsion tensor, all of them are only determined by the vierbein.
For a globally hyperbolic Riemann-Cartan manifold, there exist Cauchy surfaces Σ t foliating M. We choose a submanifold D of M joining any two Cauchy surfaces Σ t 1 and Σ t 2 so the boundary ∂D of D consists of three parts Σ t 1 , Σ t 2 and A which is at spatial infinity. For an isolated system, the spacetime should be asymptotically flat at spatial infinity, so the vierbein have the following asymtotical behavior [19] 
where √ −gdΣ µ is the covariant surface element of Σ t , dΣ µ =
Discussion
In summary, we have succeeded in obtaining an expression of an angular momentum conservation law in Riemann-Cartan space-time. This conservation law has the following main properties: 1. It is a covariant theory with respect to the generalized coordinate transformations, but the angular momentum tensor is not covariant under the local Lorentz transformation which, due to the equivalent principle, is reasonable to require.
2. For a closed system, the total angular momentum does not depend on the choice of the Riemannian coordinates and, according (31), the space-time at spatial infinity is flat, thus the conservative angular momentum J ab should be a covariant object when we make a Lorentz transformation Λ ab = A ab = constant at spatial infinity, as in special relativity
To understand this the key point is that to obtain J ab , one has to enclose everything of the closed system, and every point of space-time at spatial infinity belongs to the same Minkowski space-time in that region. This means that in general relativity for a closed system, the total angular momentum J ab must be looked upon as a Lorentz tensor like that in spatial relativity.
3. The conservative angular-momentum current and the corresponding superpotential in Einstein-Cartan theory are the same with those in Einstein theory [4] , torsion can not play a role in the conservation law. Both angular-momentum current and the superpotential are determined only by vierbein field. This result makes us be flabbergasted. As is well known, the torsion tensor is closely related to the spin density tensor through the famous Einstein-Cartan field equation, it is natural for us to believe that the torsion tensor should play some important role in the conservation law. Is that true? As mentioned in this paper, with the accurate calculation, the answer is no. Then a question arises: Why can not the torsion play a role in the angular momentum conservation law? We hope we can work it out in the future.
